A methodology for estimating physical parameters in a class of structural acoustic systems is presented. The general model under consideration consists of an interior cavity which is separated from an exterior noise source by an enclosing elastic structure. Piezoceramic patches are bonded to or embedded in the structure; these can be used both as actuators and sensors in applications ranging from the control of interior noise levels to the determination of structural aws through nondestructive e v aluation techniques. The presence and excitation of the patches, however, changes the geometry and material properties of the structure as well as involves unknown patch parameters, thus necessitating the development of parameter estimation techniques which are applicable in this coupled setting. In developing a framework for approximation, parameter estimation and implementation, strong consideration is given to the fact that the input operator is unbonded due to the discrete nature of the patches. Moreover, the model is weakly nonlinear as a result of the coupling mechanism between the structural vibrations and the interior acoustic dynamics. Within this context, an illustrating model is given, well-posedness and approximation results are discussed and an applicable parameter estimation methodology is presented. The scheme is then illustrated through several numerical examples with simulations modeling a variety of commonly used structural acoustic techniques for system excitation and data collection.
Introduction
The recent success of piezoceramic materials as sensors and actuators in applications involving structural vibrations has spawned intense study into questions regarding the modeling of piezoceramic actuator/sensor interactions with underlying structures, the optimal design, placement and number of actuators/sensors to be used, and the development of eective control strategies in a variety o f e n vironments. When bonded to or embedded in a thin structure (beam, plate or shell), piezoceramic patches derive their actuating capacity from the piezelectric property that an induced voltage produces a strain in the material thus leading to the potential for producing in-plane forces and/or moments when the patches are mounted in pairs. Conversely, their sensing capabilities are due to the dual piezoelectric eect; namely, a mechanical force leads to the generation of a proportional voltage across the element which can then be used to measure accumulated strain.
However, the bonding or embedding of patches in the underlying structure changes not only the geometry of the structure but also physical properties such as the density, stiness, Poisson ratio and damping coecients, when indeed, many of these parameters are unknown even for the homogeneous, uniform host structure material. This necessitates the development of eective parameter identication methods to be used when estimating system parameters in applications such as experimental model validation, the determination of optimal placement and number of patches, the use of piezoceramic patches in nondestructive e v aluation (NDE) techniques, and the implementation of model-based control schemes. We point out that the estimation of physical parameters in this setting diers from that considered in much of the previous literature (see [6] and the references therein) in that here the patch contributions to the system lead to unbounded (discontinuous) input and output operators due to the fact that the patches cover only discrete portions of the structure.
Parameter estimation methods for distributed parameter systems involving unbounded operators have been developed and tested in the case in which piezoceramic patches are used as sensors and actuators when bonded to a transversely vibrating beam [15, 16] . There, tto-data techniques involving PDE models were developed which could be used to estimate unknown beam parameters given various data forms. Moreover, in that setting, results pertaining to convergence and continuous dependence on data were obtained in a variety of cases involving physically tractable methods for exciting the system and measuring data.
In this work, we develop an analogous methodology which can be used for estimating physical parameters in structural acoustic systems. In the systems of interest, an exterior noise source is separated from an interior cavity b y a thin elastic structure (a beam, plate or shell). As energy is transferred from the exterior eld to the structure, vibrations develop which then lead to unwanted interior noise through acoustic/structure interactions. Control of this unwanted interior noise is accomplished through sensing and actuating via piezoceramic patches which are bonded to the structure. Before model-based control schemes can be implemented, however, the physical parameters of the structure (which n o w includes the patches) must be estimated from data which is collected both on the structure and from the acoustic response in the enclosed cavity. Although similarities exist between the problem of estimating physical parameters for the isolated structure and that involving the structural acoustic system, the hyperbolic contributions due to the acoustic component suciently change the problem dynamics so as to warrant in-depth study of techniques for the latter coupled system. Finally, w e note that although the initial impetus for developing distributed parameter estimation techniques for structural acoustic systems was motivated by model-based noise control considerations, the same techniques can be used when performing vibration analysis or using NDE methods to determine structural aws in these coupled systems.
The structural acoustic problem used here to motivate and illustrate the development o f an appropriate parameter estimation methodology consists of a 2-D enclosed cavity which i s separated from the perturbing exterior noise eld by a thin beam. This model represents a 2-D slice from a 3-D model for several experimental apparata being used in the Acoustics Division, NASA Langley Research Center, to test modeling, parameter estimation and control strategies. We add, however, that the methodology being presented is equally valid for estimating parameters in many 3-D models representing various experimental setups currently in use (see the models in [9, 10] ). This 2-D model was chosen simply because it simplies the discussion and more clearly illustrates the process involved in developing the parameter identication techniques.
The model being used to illustrate the methodology is weakly nonlinear due to the manner in which the structural vibrations couple with the interior acoustic elds. While linearization provides a very good approximation to the system dynamics (see [1] ), we retain the nonlinearity here so as to illustrate some of the general analytic assumptions which are made when extending well-posedness and parameter convergence results for the corresponding linear problem to a weakly nonlinear problem of this type. This also facilitates the demonstration of numerical techniques which can be used when simulating, testing and implementing the parameter estimation scheme in the nonlinear problem. In discussing parameter estimation methods for structural acoustics problems of this type, our emphasis is on the formulation of the problem in a manner which is conducive to approximation and implementation both in the linear and nonlinear forms as well as under a variety of damping assumptions.
In the second section of this presentation, a model for the 2-D system being used to illustrate the parameter estimation method is presented. Details regarding the modeling of the acoustic and structural components as well as coupling conditions are given, and care is taken to motivate the assumptions which lead to various damping conditions in the system model. In formulating the strong form of the system model, details are also given regarding the interactions between the piezoceramic patches and the underlying structure (beam) as well as the weakly nonlinear interactions between the beam and the interior acoustic eld. To provide a formulation which is conducive to approximation in the context of unbounded input operators as well as facilitates the discussion of well-posedness results, the weak form of the system equations is then developed and posed in terms of sesquilinear forms and the bounded operators which they dene. Finally, w e show that the solution trajectories can be expressed in terms of a semigroup on an appropriate space and within this framework, the assumptions underlying the well-posedness results for the linear and nonlinear problems are discussed.
A discretization method suitable for simulations and the implementation of the parameter estimation method is outlined in Section 3. This discussion is kept relatively brief since details regarding the corresponding nite dimensional system for the linearized problem can be found in [1] . However, the section does provide additional details concerning the discretization of the nonlinear component of the operator and a brief algorithm for carrying out this discretizetion is included.
A parameter estimation scheme suitable for data consisting of displacement, velocity o r acceleration measurements on the beam, voltage measurements from the patches, or pressure measurement inside the cavity is presented in Section 4. Assumptions on the form of the unknown parameters are discussed and conditions leading to convergence and continuous dependence on data results for the linear and nonlinear problems are outlined.
In Section 5, numerical examples demonstrating the parameter estimation techniques with a v ariety of data types and methods for exciting the system are presented. Specically, examples are given in which the force to the system is provided by a n umerically simulated acoustic source, simulated voltage inputs to the patches, and a simulated hammer impact to the beam. The simulated data under comparison in the examples consists of acceleration values of the beam, voltage (accumulated strain) values from the patches, and voltage values in conjunction with interior acoustic pressure values. The conclusions from this study and physical considerations concerning the implementation of the method are summarized in the nal section of the paper.
System Model
The model of interest consists of an exterior noise source which is separated from an interior cavity ( t ) b y a common elastic boundary 0 (t) that is modeled by an Euler-Bernoulli beam as depicted in Figure 1 . The beam is assumed to have length a, width b and thickness h. The Young's modulus, mass density (in mass per unit volume) and damping coecient for the homogeneous beam are denoted by E b ; b and c Db , respectively. Due to the nature of the exterior forces and the manner in which the patches are excited, we will be considering only transverse vibrations w(t; x).
Bonded to the beam are piezoceramic patches which are mounted in pairs as depicted in Figure 1 . In this discussion, it is assumed that the patches have thickness T, width b, Young's modulus E pe , density pe , and damping coecient c Dpe . Moreover, it is assumed that the bonding layers for each patch h a v e equal thicknesses, Young's moduli, densities and damping coecients, and these parameters are denoted by T b`, E b`, b`a nd c Db`, respectively. We emphasize that these assumptions are made solely for clarity of presentation, and similar results can be obtained in an analogous manner for the more general case in which the patches and bonding layers have diering thicknesses and material properties (see, for example, [12] ).
Finally, w e assume that inside the cavity, there is a region = S N R i =1 i which provides a rst approximation to the interior objects (eg., passengers, seats, storage compartments) which disrupt and damp the interior acoustic elds. This region is assumed to have positive measure and is taken to be small as compared to (t) (see Figure 1 where N R = 4).
Acoustic Component
We consider rst the acoustic wave dynamics inside the cavity ( t ). The variables of interest to us are the pressure P, density , and the velocityŨ, each of which can be represented in
terms of a mean and uctuating component P(t;x) = P 0 ( x ) + p ( t;x) (t;x) = 0 ( x ) + ( t;x) U(t;x) = U 0 ( x ) + u ( t;x) (here we h a v e takenx = ( x; y) and are assuming that the rate of sound travel is suciently rapid so that little heat transfer takes place). For the range of magnitudes involved in these problems (< 140 dB), it is usual to assume linear relations when considering constitutive l a ws and force balancing [20] , and we make that assumption throughout the analysis which follows.
In the region (t)=, air damping is omitted due to the relatively small dimensions of the type of experimental cavities being simulated. Hence in that region, an increase in pressure brings about a proportional strain with the ratio dened as the bulk modulus of elasticity E f where E f = p r s or p = E f r s (2:1) (s(t;x) denotes the displacement of the center of gravity of an innitesimal element of the medium and satisess t =ũ). On the other hand, the material objects lumped in will provide some medium damping and here we assume that a change in pressure yields p = Ẽ r s d r s t (2:2) whereẼ andd denote the bulk modulus of elasticity and damping coecient of the medium in. We point out that this use of a generalized Hooke's law in which stress is proportional to a linear combination of strain and strain rate is done under the assumption that relatively low acoustic frequencies are excited (< 1000 Hz), and is similar to the constitutive l a w leading to Kelvin-Voigt damping of vibrations in elastic materials. We also emphasize that this damping model should be considered as a rst approximation to the actual acoustic damping mechanism in the medium, and depending on the specic materials involved, the manner of acoustic excitation, and the geometry of the physical system, more comprehensive models may b e required to accurately describe the medium damping.
Force Taking the curl of the momentum equation (2.3) and noting thatũ =s t we obtain @ @t (r 0 u ) = 0. Hence the vorticity! = r 0 uis constant in time in (t). Under the assumption that the initial vorticity!(0) is zero, we m a y conclude that r 0 u = 0 for all time or that the ow is irrotational in (t). Thus in (t), there exists a scalar velocity potential such that 0ũ = r : (2:5) The ow is more complex near and in the region as a result of the viscous eects and medium damping. This can potentially lead to rotational components in the acoustic eld which in general necessitates the use of a vector potential. As a rst approximation, however, we are assuming that the rotational components near and in are negligible and a relation of the form (2.5) will be used throughout the acoustic cavity ( t We emphasize that this model was derived under the assumption that the only acoustic damping in the cavity occurs in the region and hence d(x) = 0 in the rest of the chamber, i.e. forx 2 (t)=. Moreover, we h a v e assumed that the ow is irrotational in the region (t).
Beam Component
Through force and moment balancing, the equation of motion for the transverse displacements w of the beam are found to be w tt + @ 2 M @x 2 (t; x) = t ( t; x; w(t; x)) + f(t; x) x0 < x < a ; t > 0 ; w ( t; 0) = @w @x (t; 0) = w(t; a) = @w @x (t; a) = 0 t > 0 ;
where M is the total beam moment, f is the force due to pressure from the exterior noise eld and t (t; x; w(t; x)) is the backpressure due to the ensuing acoustic waves inside the cavity (this latter term is in general nonlinear since its eect occurs on the surface of the vibrating beam). For pairs of patches having edges x 1 and x 2 , the density of the structure is (x) = b hb + 2 b ( b`Tb`+ pe T) pe (x) (2:7) where the characteristic function pe (x) = ( 1;x 1 x x 2 0;otherwise localizes the patch eects between the endpoints x 1 and x 2 (see [11, 12] for details).
The general beam moment M(t; x) = M ( t; x) M pe (t; x)
consists of an internal component M, depending on material and geometric properties of the beam and patches, and an external component M pe (the control term) which results from the activation of the patches through an applied voltage (see Figure 2 ). The constants a 3b`a nd a 3pe given by a 3b`= ( h=2 + T b`) 3 (h=2) 3 and a 3pe = ( h=2 + T b`+ T) 3 (h=2 + T b`) 3 result from the integration of stresses through the bonding layer and patch, and d 31 is a piezoceramic constant which relates the amount of strain produced in the patch t o the level of voltage being applied.
At this point i t i s w orth commenting further on the damping term c Dpe which is taken to be a combination of the Kelvin-Voigt damping coecient for the patch and the damping which results from the production of current when the structure vibrates. This latter contribution to the damping results from the piezoelectric eect of the patches which dictates that a voltage is produced when the patch is subjected to in-plane strains. Under the assumption that the Kelvin-Voigt (material) and electrical damping have approximately the same types of eect in the patch, we h a v e combined the two i n to the coecient c Dpe which m ust be considered to be unknown and like the other parameters, must ultimately be estimated using data tting techniques with experimental data when considering actual applications. We also point out that the expression (2.8) can easily be generalized to include the possibility of diering material properties in the two patches or bonding layers (again, see [11, 12] where the sensor constant K S depends upon piezoelectric material properties as well as the geometry and size of the patch (see [18] ). Hence the voltage provides a measure of accumulated strain in the beam (see Figure 2 ) thus enabling the patch to serve as a sensor in a variety o f applications involving the measurement of beam vibrations. 
Coupling Conditions
In the model discussed thus far, the structural and internal acoustic responses are coupled through the backpressure t (t; x; w(t; x)) on the surface of the beam. A second coupling equation is the continuity o f v elocity (or momentum) condition w t (t; x) = 1 f r ( t; x; w(t; x)) | ;0 < x < a ; t > 0 which results from the assumption that the beam is impenetrable to air. We point out that the velocity condition provides a form of damping to the beam which is similar to that obtained with the incorporation of viscous (air) damping eects (modeled by a term of the form w t in the beam equation). As noted in the examples, the internal Kelvin-Voigt damping in concert with the coupling eects due to the continuity o f v elocity and backpressure causes a beam response which diers somewhat from that observed with an uncoupled, undamped beam having the same dimensions.
The model we h a v e developed has nonlinearities in the (i) variable domain (t), (ii) back pressure term t (t; x; w(t; x)), and (iii) velocity term 1 f r(t; x; w(t; x)) |. Under an assumption of small displacements (w(t; x) = w ( t; x) + whereŵ 0) which is inherent i n f r(t;x;w(t;x)) | can be approximated by the normal term 1 f r(t; x; w(t; x)) n which arises when developing the weak form of the equation. The fully nonlinear form of the back pressure coupling term is retained throughout the following discussion. 
w ( t; 0) = @w @x (t; 0) = w(t; a) = @w @x (t; a) = 0 t > 0 ; (0; x ; y ) = 0 ( x; y) ; w(0; x ) = w 0 ( x ) t (0; x ; y ) = 1 ( x; y) ; w t (0; x ) = w 1 ( x ) : (2:10) Here u i (t) is the voltage being applied to the i th patch and pe i denotes the characteristic function over the i th patch.
We point out that the piezoceramic material parameters K S i (see (2.9)) and K B i ; i = 1 ; ; sas well as the beam parameters ; EI and c D I are considered to be unknown and are estimated using inverse problem techniques as discussed in later sections. While the expressions given in (2.7) and (2.8) can be used as starting values in the parameter estimation routines, experimental evidence (see [15, 16] ) has indicated that the nal parameter values can vary quite signicantly from the analytic values due to the contributions from the bonding layer, variation in the measurement o f p h ysical constants, and nonuniformities in the various materials. This combined with the lack of analytic expressions for the damping constant necessitates the estimation of these parameters before model-based control strategies can be implemented.
We also emphasize that the parameters K B i ; ; E Iand c D I are piecewise constant in nature due to the presence and diering material properties of the bonding layer and patches (see (2.8) as well as the results in [15] ). This leads to diculties with the strong form of the system equations since it necessitates the second derivatives of the Heaviside function (equivalently, derivatives of the Dirac delta) thus yielding an unbounded control input operator. The dierentiation of the discontinuous material parameters also leads to diculties when approximating the dynamics of the coupled system. To a v oid these problems, it is advantageous to formulate the problem in weak or variational form (the use of the variational form also permits the use of basis functions having less smoothness than required for those used when approximating the solution to the strong form of the equations).
Finally, w e note that in the case of no acoustic cavity damping (d = 0), the model (2.10) is completely equivalent to the nonlinear models that are the basis of the investigations in [1, 8, 10, 11] if one replaces the coupling terms f t andṽ = r in those models by t and v = 1 f r, respectively. That is, the potential used in those references diers from the one used here by a m ultiplicative factor 1 f . for all = (;) 2 V. W e point out that in this variational form the derivatives have been transferred from the plate and patch moments onto the test functions. This eliminates the problem of having to approximate the derivatives of the characteristic function and the Dirac delta as is the case with the strong form of the equations. The system (2.11) can be formally approximated by replacing the state variables by their nite dimensional approximations and constructing the resulting matrix system, and it is in this form that we will consider approximation strategies in Section 4. In order to discuss the well-posedness of the problem, however, it is advantageous to pose the problem in an abstract Cauchy format as discussed in the next subsection.
Weak Form of the System Equations

Abstract First Order Formulation
Following the theoretical work in [2, 3] , it is advantageous to formulate the problem in terms of sesquilinear forms and the bounded operators which they dene (see also [1, 10] for further examples detailing the abstract formulation of structural acoustic systems in this manner).
We begin by pointing out that the Hilbert spaces H and V form a Gelfand triple V , ! H ' H , ! V with pivot space H (further details concerning the basic denitions and fundamental functional analysis theory here can be found in [22] With these denitions, it is straightforward to show that 1 and 2 satisfy various continuity, symmetry and coercivity conditions. Namely, 1 satises j 1 (; )j c 1 j j V j j V ; for some c 1 for 2 V , where h;i V ;V is the usual duality pairing. Finally, the external forcing and nonlinear perturbation terms are given by F = ( 0 ; f = b ) and G(z;z t ) = ( 0 ; t ( w )) wherẽ t (w) = t ( t; x; w(t; x)) t (t; x; w(t; x)) t (t; x; 0) denotes the nonlinear perturbation to the linear coupling term. With these denitions, we can write the system (2.11) in the abstract weak or variational form hz tt (t); i V ;V + 2 (z t (t); ) + 1 (z(t); ) = hBu(t) + F + G ( z;z t ); i V ;V (2:15) for in V . We reiterate that the state for the problem in second-order form is given by z(t) = ( ( t; ;); w ( t; )) in V , ! H .
T o pose the system in rst-order form, we form the product space terms Bu(t) = ( 0 ; B u ( t )), F(t) = ( 0 ; F ( t )) and G(Z(t) ) = ( 0 ; G ( z ( t ) ; z t ( t ))) in V = V V and dene the operators A 1 ; A 2 (further details concerning the formulation of the rst-order system in the linear case can be found in [1] ). The representation (2.16) is formal in the sense that the manner in which dierentiation and the resulting solution exists has yet to be specied. This will be discussed next in the context of proving well-posedness results for the system model.
Finally, in discussing well-posedness results and parameter convergence in the sections which follow, it proves useful to compare the nonlinear system with that which results when both coupling terms are linearized. The latter is found by replacing the term t (t; x; w) b y t ( t; x; 0) in the various expressions for the coupled system (equivalently, take G(z;z t ) = 0). This yields the second-order variational form hz tt (t); i V ;V + 2 (z t (t); ) + 1 (z(t); ) = hBu(t) + F; i V ;V (2:19) for 2 V and consequently the rst-order system Z t (t) = AZ(t) + B u ( t ) + F ( t ) (2:20) in V .
Model Well-Posedness
The rst step in determining the well-posedness of the semilinear system model is to argue that A generates a semigroup on H. As noted earlier, the sesquilinear form 1 is V-elliptic, continuous and symmetric while 2 is continuous and V -elliptic if damping is included in the region o r H -semielliptic if damping is omitted in the cavity. In both cases, the LumerPhilips theorem (with arguments similar to those given in pages 82-84 of [2] ) can be used to prove that the operator A dened in (2.18) generates a C 0 -semigroup T on the state space H. The semigroup satises the exponential bound jT (t)j e !t for t 0 (where in fact, ! = 0 due to the fact that A is dissipative as shown in [2] ). Moreover, if medium damping is included in the region (which implies that 2 is V -elliptic), the semigroup T is analytic on H. For the problem thus posed, the state lies in H which implies that the semigroup T generated by A : dom A H ! H is dened on H. The nonlinear forcing term C(t;Z(t)) = Bu(t)+F( t )+G ( Z( t )), however, lies in V rather than H since the control term B 2 L ( U; V ) denes the product space control term Bu(t) = ( 0 ; B u ( t )) 2 f 0 g V V V = V .
T o remedy this, \extrapolation space" ideas and arguments similar to those presented in [3, 4, 19] are used to extend the semigroup T (t) o n H to a semigroupT (t) on a larger space W f 0 g V so as to be compatible with the forcing term.
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As detailed in [10] [10] thatÃ is an extension of the original operator A from dom A H to all of H.
Finally, as proven in [4] , the operatorÃ is the innitesimal generator of a C 0 -semigroupT (t) on W which is an extension of T (t) from H to W (note thatT (t) is also analytic if medium damping is included within the region).
Having extended the operator A and hence the generated semigroup to a space which i s compatible with the forcing function, we are now in a position to discuss criteria on the input terms F and B which guarantee the existence of a unique solution to the system model. In the corresponding linear problem, under reasonable regularity conditions on t 7 ! u(t) and t 7 ! F(t), one can immediately argue the existence of a unique strong solution to the system in terms of the extended semigroupT (t). For the semilinear problem of interest, however, the nonlinear nonhomogeneous terms must satisfy certain continuity criteria in order to obtain similar results. The required continuity of the nonhomogeneous terms Buand F is demonstrated in [10] and hence the remaining question concerns the Lipschitz continuity of the nonlinear coupling term G(z;z t ) = ( 0 ; t ( w )). If we assume that the input terms F and Bu are suciently smooth so as to assure the necessary continuity i n G ( z;z t ), then the nonlinear system is well-posed. These results are summarized in the following result. These results can be further extended when acoustic damping is assumed in the region and hence 2 is V -elliptic andT is analytic. In this case, the mild (and thus strong) solutions to (2.20) The proof of the equivalency between strong and weak solutions follows that given in [3] for general second-order systems with unbounded input terms. We point out that numerous numerical results have indicated similar results for the nonlinear problem and the case in which damping is omitted in the cavity e v en though we h a v e not extended the results equating the strong and weak solutions to cover those cases.
State Approximation
The modeling and well-posedness discussion thus far has been for the innite dimensional nonlinear structural acoustic system. In this section we discuss a Galerkin scheme for discretizing the problem which can be used when simulating the system dynamics, estimating the physical parameters, and calculating control gains (see [1] ). This is accomplished by approximating the beam displacement and acoustic potential by spline and spectral expansions, respectively.
System Approximation
As detailed in [1] where the corresponding linear problem was considered, cubic splines are suitable for discretizing the beam displacement since they satisfy the smoothness requirement as well as being easily implemented when adapting to the xed-end boundary conditions and patch discretizations. Specically, the approximate beam displacement is taken to be the (hence dim A N 32a = n q (n 1) ; dim A N 32aw = ( n 1)n q and dim A N 32bj1 = n q (m x +1)).
These matrices need to be formed only once and can be created before solving the ODE system. ; dim A N 32 w N (t) = ( n 1) m :
By creating the matrices A N 32a ; A N 32aw and A N 32bj1 oine, the time needed to solve the ODE system is reduced thus improving the eciency of the scheme for parameter estimation and control applications.
Parameter Estimation Problem
The goal of the parameter estimation problem is to determine the \true" material parameters given pointwise temporal measurementsẑ i = z ( t i ) at given points on the beam and in the cavity. Note that this minimization is performed subject to Z = ( ; x; _ ; _ w) satisfying the coupled system equations (2.11) or (2.15). Depending on the experimental apparatus, the data observations may consist of position, velocity, acceleration, or accumulated strain measurements at points on the beam as well as pressure measurements inside the cavity. The form of the operator C 2 depends upon whether one is performing the estimation procedures in the time domain or in the frequency domain. In the time domain, C 2 is the identity whereas it is the Fourier transform for estimation in the frequency domain.
For time domain estimation with data consisting of position, velocity, or acceleration measurements at points x on the beam, the t criterion functional to be minimized is which in some cases has more sensitivity than that in (4.5) which considers only strain measurements. The above t criteria can also be used with data that has been transformed to the frequency domain (in which case C 2 is the Fourier transform), and this is indeed a common procedure for starting the optimization process with data in which several frequencies are excited (see the comments in the examples as well as [13, 14] ). In this case, optimization is qualitatively performed in the frequency domain until frequencies match suciently so that the optimization routines will converge with the time domain data. To facilitate the estimation of the material parameters ; EI and c D I, w e n o w make some assumptions regarding their spatial behavior. Because the beam and patches are considered to be homogeneous as well as uniform in width and thickness, it is reasonable to assume that the density, stiness and damping parameters of the combined beam/piezoceramic patches are piecewise constant in nature (see for example, [15] ). A suitable partition is then taken to be fx k g = f0; a g S f ij g i=1;;s j=1;2 where the 2s points f ij g are the endpoints of the s piezoceramic patches. Finally, w e assume that these parameters have the form where the piecewise constant basis functions are dened byB k (x) H(x x k 1 ) H(x x k ). The coecient constraints c 1 = c 3 = =c 2 s +1 , and so on, result from the uniformity of the beam in areas not covered by patches. Finally, w e recall from the denitions (2.8) and (2.9) that the patch parameters K B 1 ; ; K B s ;and K S 1 ; ; K S s are simply constants which depend on piezoelectric properties, the geometry and size of the patch, and patch and bonding layer properties.
Although Q is nite dimensional with the above assumptions on the parameters, the minimization of the t criteria in (4.4), (4.5) and (4.6) involves an innite dimensional state and hence is not immediately tractable. With the Galerkin schemes of the the last section, however, corresponding minimization problems involving the state approximations can be developed and used when estimating physical parameters with these t-to-data techniques. With w N , N t and H N V dened in the last section, nite dimensional functionals corresponding to those in (4.4), (4.5) and (4.6) ; (4:10) respectively. The approximate beam displacement w N and acoustic pressure f N t at the various points are found by solving either the nonlinear nite dimensional system (3.1) or the system (3.2) if one is considering the linearized problem.
The following theorem taken from [16] species conditions under which convergence and continuous dependence (on data) of the solutions to the linearized nite dimensional parameter estimation problems involving the functionals (4.8), (4.9) and (4.10) can be expected. Furthermore, assume that 1 (q) and 2 (q) dened in (2.12) are V -elliptic, continuous, and satisfy the continuity with respect to parameter condition j i (q)(; ) i (q)(; )j i d ( q;q)jj V j j V ; for ; 2 V .14)). Moreover, the input term (F + Bu)(q) satises the condition (4.13). Finally, the convergence condition specied in (4.11) is satised as a consequence of the approximating properties of the cubic splines and Legendre polynomials in a Galerkin setting (see [6] for further details). Hence, for the linearized problem with acoustic damping in, a subsequence of solutions q N to the problems involving the minimization of the functionals (4.8) with = 0 ; 1, (4.9) or (4.10) subject to (3.2) will converge to a solution q of the original problem of minimizing the functionals (4.4), (4.5) or (4.6) subject to (2.19) . The convergence in the case involving the minimization of (4.8) with acceleration data does not follow directly from this theorem but can be obtained using results from the theory of analytic semigroups in a manner analogous to that used in [7] .
With boundedness and Lipschitz continuity assumptions on the nonlinear coupling term G(Z), similar results can be obtained for the nonlinear problem as summarized in the following remark.
Lemma 2. Nonlinear Damped System Consider the system with the nonlinear input term Bu(t) + F ( t ) + G ( Z ( t )). If, in addition to assuming a continuity condition of the form (4.13) (with Bu+F replaced by Bu+F+G(Z)), we also assume that G(Z(t)) is continuous in t, uniformly Lipschitz continuous in Z, and displays at most ane growth at 1, then convergence results analogous to those summarized in Theorem 2 can be obtained for the nonlinear system.
We point out that these continuity assumptions on G were also made when discussing the wellposedness of the nonlinear system. Details concerning these conditions as well as arguments leading to the proof for the nonlinear case can be found in [5] . As indicated previously, the assumption of medium damping inside the cavity is often inappropriate in applications of interest. While we h a v e not extended Theorem 2 to include the case in which acoustic damping is omitted, extensive n umerical tests have indicated that parameter convergence and continuous dependence of the parameters on data is being obtained in the same manner exhibited by the system having both acoustic and structural damping. This is demonstrated by the results in the following examples for the nonlinear 2-D structural acoustic system in which c a vity damping is omitted.
5 Numerical Examples
To test the parameter estimation methodology, the general problem tt = c 2 (x; y) 2 ; t>0; r n= 0 ( x; y) 2 ; t>0; r ( t; x; w(t; x)) n = f w t (t; x) 0 < x < : 6 for the linear mass density and stiness parameter (see Table 1 for a compilation of the structural parameters for the system). The Kelvin-Voigt damping parameter was chosen to be c D I = :001 kgm 3 =sec. Finally, the values f = 1 : 21 kg=m 3 and c = 343 m=sec were used for the atmospheric density and speed of sound.
In the examples, we consider a system in which the bounding end beam has bonded to it a centered piezoceramic patch c o v ering 1=3 of its length as shown in Figure 3 . The patch is assumed to have thickness T = :000508 m and width b = :1 m (we point out that the chosen thickness value corresponds to 20 mil which is a commercially available thickness for piezoceramic patches). The Young's modulus and density w ere taken to be E pe = 6 : 3 10 10 N=m 2 and pe = 7650 kg=m 3 which are reasonable for a patch made from G-1195 piezoceramic material.
From (2.7) and (2.8), we see that the density and stiness coecient in the region of the combined beam and patch (Region 2) will be greater than that of the beam (Region 1) (see Figure 3) . We also assume that the damping coecient will be slightly larger in Region 2 than Region 1.
For testing purposes, the structural parameter values in regions covered by the patches were chosen as specied in Table 1 . As seen there, the constant K B = E pe bd 31 (h + 2 T b`+ T), which arises when modeling the actuation due to the patch, was taken to be K B = :0067 Nm=V (this latter value was obtained by assuming a bonding layer of thickness T b`= :0001 m and taking d 31 = 1 : 9 10 10 m=V which is the value specied for G-1195 piezoceramic material). The constant K S which arises when using the patches as sensors was taken to have the value K S = 170 V . The following examples demonstrate the numerical estimation of the material parameters ; EI; c D I;K B and K S using various techniques for exciting the system and observing the response. In the rst example, the natural frequencies for the fully coupled system were determined by simulating an impulse hammer impact to the center of the beam. The knowledge of these natural frequencies was then used when choosing the frequencies of the exciting forces in the other examples. In the second example, a periodic uniform forcing function (modeling a uniform exterior acoustic pressure eld) was applied to the beam for a short interval of time and then set to zero. This forcing function was chosen so that three system modes were initially excited and then allowed to begin decaying due to the damping the beam. The acceleration of the center of the beam was used as data for estimating the material parameters ; EI and c D I (since no voltage was applied in this example and the patch w as not used for sensing, K B and K S were not estimated). In the third example, the system was excited by the application of a periodic voltage into the patch. Again, the system was excited for a short time interval and then allowed to freely decay in energy. Acceleration data at the center of the beam was used to estimate the four parameters ; EI; c D I and K B . The patch w as used both for actuating and sensing in the fourth and fth examples. In Example 4, a periodic voltage was applied for an initial time interval after which the system energy was allowed to decay. During the decay i n terval, two sets of data were calculated and a comparison was made between the results obtained when each w as used for recovering the parameters ; EI; c D I;K B and K S . The rst data set consisted solely of the voltage produced by the patches during vibration (and hence contained strain measurements) while the second contained a combination of voltage measurements from the patch and acoustic pressure values from inside the cavity. Finally, a simulated voltage spike to the patches was used to excite the system in Example 5 (with an eect similar to that observed when an impulse hammer is used to excite the system) with the patches again being used as a sensor throughout the remainder of the time interval. Thus in the last two examples, the \smart material" aspects of the structure were utilized in determining its physical parameters. 
Example 1: System Dynamics
In order to determine the system dynamics with the parameter values in Table 1 , the forcing function f was chosen to simulate an impulse at the center of the beam; that is, f(t; x) = ( x : 3)(t) :
This models the force that would be delivered by a centered impulse hammer hit. After the initial impulse, the system was allowed to run unforced through time T = 8 = 60.
The beam acceleration obtained with m x = m y = 12 and n = 16 basis functions at the point X = :3 is plotted in Figure 4 with a corresponding frequency plot in Figure 5 . The rst four system responses occur at 62:9; 179:7; 342:1 and 397:9 hertz.
For comparison, we note that the analytic natural frequencies of the rst two symmetric modes of an isolated, homogeneous (no patches), undamped beam having the same dimensions as those in this system are 73:2 and 395:6 hertz while those of the uncoupled acoustic cavity are 171:5 and 343 hertz (the analytic undamped beam and cavity frequencies are given by respectively). The dierences between the observed and analytic values are due to the presence of the patches on the beam, the internal damping in the beam, and the coupling between the beam and acoustic eld dynamics.
The frequencies observed here can also be compared with the system values 65:9; 181:3, 343:9 and 387:8 hertz which w ere obtained when no patches were bonded to the plate and linearized coupling conditions were assumed (see [8] ). It can be seen that the increased stiness due to the presence of the patches manifests itself at the higher frequencies (397.9 hertz versus 387.8 hertz for the uniform beam) whereas the increased density is more of a factor at the lower frequencies (62.9 hertz versus 65.9 hertz for the uniform beam). This can be explained by comparing the bending shapes of the rst and third beam modes and noting that the increased stiness is more of an inuence on the third beam mode while the increased density more directly inuences the rst mode. 
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Example 2: Periodic Acoustic Excitation, Acceleration Data
In this example, a uniform (in space) periodic force modeling an acoustic plane wave w as used to excite the system and acceleration data was used to estimate the parameters ; EI and c D I (K B and K S were not estimated since we w ere not applying voltage to the patch o r using the patch for sensing). Specically, the forcing function was taken to be f(t; x) = 8 < : sin(120t) + sin(360t) + sin(800t) ; 0t1=60 0 ; 1=60 < t 8 = 60 which initially excites the rst,second and fourth system modes and then allows the oscillations to begin dying away due to the damping in the beam (see Figures 6 and 7) .
The parameter estimation was performed with data which w as generated by calculating the acceleration of the central point of the beam at 498 uniformly distributed points throughout the time interval [0; 8=60] (hence = 2 in (4.8)). The acceleration was determined by using a second-order central dierence on the displacements which w ere obtained by solving the nonlinear nite dimensional system (3.1) and evaluating w N at the points (:3; t k ), t k = k 8 60(500) ; k = 2 ; ; 499. Due to the relatively small number of frequencies being matched, all identication procedures were performed in the time domain which implies that C 2 in (4.3) was taken to be the identity.
To test the algorithm and software, noisefree data was rst generated using 120 acoustic and 15 beam basis functions (m x = m y = 10, n = 16). Using the initial parameter choices in column 5 of Table 1 , the parameters were estimated using the same basis choice with the optimization being performed via a Levenberg-Marquardt routine. As demonstrated by the recovered values in the third column of Table 2 , very accurate estimates of the parameters can be obtained when using the same number of basis functions when generating the data and estimating the physical parameters.
To provide more realistic simulations, data was then generated using 168 acoustic and 19 beam basis functions (m x = m y = 12, n = 20) with 120 acoustic and 15 beam basis functions again being used for estimating the parameters (the use of a larger number of basis functions when generating the data has the eect of adding numerical noise to the values being approximated in the optimization routine). The parameter estimates obtained with noisefree data and data to which 10% relative noise was added are reported in Table 2 . While these results were obtained with the initial values in column 5 of Table 1 , they are representative of those obtained with a variety of initial guesses (for this method of system excitation and observation, the optimization routine converged for a relatively large range of initial values). Time and frequency domain plots of the data containing 10% noise and the acceleration obtained with the estimated parameter values of Table 2 , column 5, are given in Figure 6 and 7. We note that in these gures it is essentially impossible to distinguish between the time data and the model response with estimated parameters with the graphical resolution used. These plots reinforce the observation that reasonable estimates of the parameters can be obtained with acoustic excitation and acceleration data with or without noise in the simulated data. Table 2 . Estimated values of ; EI and c D I; (a) Data generated with m x = m y = 1 0 ; n= 1 6 and no noise added to data; (b) Data generated with m x = m y = 1 2 ; n = 2 0 and no noise added to data; (c) Data generated with m x = m y = 1 2 ; n = 2 0 and 10% noise added to the data. which initially excites the rst four system modes and then allows the oscillations to begin dying away due to the damping in the beam (see Figures 8 and 9 ). Because the patch excites the higher frequencies more eciently than did the simulated sound eld of the last example, the magnitude of the 400 hertz contribution was reduced to better balance the system response.
Acceleration data obtained in the same manner described in the last example was used to estimate the four parameters ; EI; c D I and K B and the estimates obtained with no noise and 10% noise added to the data are summarized in Table 3 (see Table 1 for the true parameter values). Figures 8 and 9 contain the time and frequency domain results for the case in which the data contains 10% noise. In both cases, the choices m x = m y = 1 2 ; n= 2 0 and m x = m y = 1 0 ; n= 1 6 w ere used when generating the data and estimating parameters, respectively. Also, while similar results were obtained with a relatively large variety of starting parameter values, the parameter values reported here were obtained with the initial choices in column 3 of In comparing the results obtained with noisefree data with those obtained under the same conditions (same number of basis functions and noisefree data) in the last example, we note an approximately 2% change in the estimated value of the stiness parameter in the region covered by the patches. This dierence appears to be due to the fact that the \true" data is calculated with a larger number of basis functions and hence with more accuracy than the solutions being obtained during the parameter estimation. The resulting \numerical noise" manifests itself more strongly in this case since the patches are more eective than the acoustic eld at exciting high frequency oscillations which require greater accuracy to resolve (this tendency is also noted in the remaining examples where patch activation is used to excite the system). We point out that when the same number of basis functions are used for generating data and estimating parameters, the results are essentially identical to those in column 2 of Table 2 with highly accurate estimates of the physical parameters. Finally we note that the \numerical noise" due to the diering discretizations combines with random noise added to the data to simulate the noise which is present when real data is used to estimate the parameters in a physical experiment. Table 3 . In the previous two examples, acceleration data modeling that which w ould be obtained from a centered accelerometer was used in the estimation of the physical parameters. In this as well as the next example, both the excitation of the system and the sensing of the beam dynamics are performed with the patches, thus utilizing their \smart material" capabilities. The beam data in this case consists of the voltage that is produced when the patches strain during vibration (hence the criterion functional (4.9)) as well as data consisting of voltage measurements in combination with pressure measurements from within the cavity (with the criterion functional (4.10)).
Here a periodic driving voltage was applied to the patches for the rst 1=5 of the time interval [0; 10=60] of interest after which the system was allowed to begin decaying in energy. Specically, the input voltage was taken to be u(t) = with the frequencies again chosen so as to strongly excite the rst, second, fourth and sixth system modes (see Figure 11 ). During the nal 3=4 of the time interval, the voltage produced by the patches as well as the acoustic pressure at the cavity point ( : 6 ; : 1) were calculated at 750 uniformly distributed times throughout the interval [5=120; 10=60]. These values were then used as our simulated data.
The estimated values of the parameters parameters ; EI; c D I;K B and K S are recorded in Table 4 . In the rst four simulations, 168 cavity and 19 beam basis functions were used to calculate the data while 120 cavity and 15 beam basis functions were used in the estimation of the physical parameters. The values in columns 3 and 4 were obtained with data consisting of the 750 voltage values generated by the piezoceramic patches while data consisting of both voltage and acoustic pressure values was used to obtain the results in columns 5 and 6. Finally, the results from a simulation in which 120 cavity and 15 beam basis functions were used for both the generation of data and estimation of parameters are reported in column 7 of Table 4 . The data for this latter simulation consisted of the previously described combination of voltage and pressure values.
It is rst noted that when the same number of basis functions are used for the generation of data and estimation of parameters, highly accurate results can be obtained for a variety o f initial starting values when using a combination of voltage and pressure values as data (the results in column 7 of Table 4 were obtained with the initial values in column 5, Table 1 ). This is consistent with the results reported in Example 2 and described in the Example 3. As discussed in the latter example, the use of a larger number of basis functions when determining the data adds a form of \numerical noise" since the data is calculated with greater accuracy than are the solutions obtained during parameter estimation. Hence, although no random noise was added to the data, the estimated values in columns 3,5 and 6 of Table 4 dier slightly from the \true" values listed in Table 1 but are consistent with those obtained in the last example (see column 3, Table 3 ).
The eects that the accuracy of the initial guesses had on the estimated parameters can be seen by comparing the results in columns 3 and 4 (voltage data) as well as in columns 5 a n d 6 ( v oltage and pressure data). The parameter values in columns 3 and 5 were obtained with the highly accurate initial choices of column 4, Table 1 while those in columns 4 and 6 w ere calculated with the less accurate values in column 5, Table 1 which could reasonably have been obtained by rst visually tting the data in the frequency domain. As observed, the change in starting values led to fairly large changes in the recovered parameter values when purely voltage data was used, whereas almost no change was noted when the data consisted of voltage and pressure values.
The variation in the recovered parameter values obtained with voltage data can partially be attributed to the atness of the criterion functional with strain observations as compared to that seen with acceleration data. The inclusion of pressure values in the data adds richness as a result of the added information about the acoustic state as well as the fact that higher frequencies are more easily observed in the pressure data than in the stain values (see Figure 10 ). Due to the added information in the data containing strain and pressure values, a wider range of initial guesses could be used since the optimization routine was less like t o become stuck in local minima. The input voltage in this example was taken to be a narrow triangle which simulates a voltage impulse to the patches. As demonstrated by the strain and pressure plots in Figure 12 , this causes the excitation of multiple system modes which through time decay in energy due to the damping in the beam.
The data was generated using 168 cavity and 19 beam basis functions, and a comparison was again made between the results obtained with data consisting solely of voltage values (using the criterion functional in (4.9)) and data made up of both voltage and pressure measurements (with the criterion functional in (4.10)). In both cases, the data was calculated at 900 uniformly spaced points throughout the time interval [1=60; 10=60]
The parameter values obtained with 120 cavity and 15 beam basis functions and strain (voltage values) data are given in Table 5 . The initial guesses of column 5, Table 1 were used to obtain both the results containing 10% random noise and those to which no noise was added (the noisefree results can be seen to be quite close to those obtained in the last two examples). Finally, plots containing the time and frequency domain results for the case in which 10% random noise was added to the data are given in Figure 12 .
We point out that with this means of system excitation, a much wider range of initial guesses led to convergence to the reported values than was the case in the last example where a periodic voltage was used to excite the system. This appears to be due to the fact that a larger number of frequencies are excited and observed in the strain data which in turn leads to \richer" data. On the other hand, the large number of frequencies observed in the pressure eld (see Figure 12 ) made it dicult to use pressure values in combination with the voltage as data since an extremely good initial guess was required in order to obtain convergence of the optimization routine (in this case, one must work nearly exclusively in the frequency domain at rst since any deviation in the density and stiness parameters leads to frequency changes (see (5.1)) that make estimation in the time domain very dicult). We also noted that similar problems were encountered when acceleration data was used with this number of frequencies excited due to the fact that the acceleration provides a more sensitive measure of beam movement than do the patches which measure accumulated strain. Hence, with a large number of frequencies excited, the role of the patches as the sole sensors in the structural acoustic system appears to improve, and in some cases this method of data observation may be preferable since the matching of a smaller number of observed frequencies may lead to a more tractable optimization problem. Table 5 . Estimated values of ; EI; c D I;K B and K S using strain data; (a) No noise added t o t h e data; (b) 10% noise added to the data. Table 5 .
6 Conclusions and Implementation Issues
In this paper, a parameter estimation methodology for structural acoustic systems in which piezoceramic patches on the structure act as sensors and actuators has been presented. While illustrated throughout this presentation in the context of a 2-D acoustic cavity with a thin beam at one end, the methods developed here are equally applicable in many 3-D distributed parameter models (such as those in [9, 10] ) of actual experimental devices currently being used to test various modeling, parameter estimation and control schemes involving piezoceramic actuators and sensors. Recently, these estimation methods have been successfully used as an integral part of feedback control techniques with experimental data -these ndings will be reported in a future report.
The emphasis in developing this parameter estimation methodology was on providing a scheme which w as amenable to approximation and implementation under a variety of damping assumptions. In doing so, conditions leading to well-posedness and parameter convergence results for both the linearized and original nonlinear problem were formulated, and suitable numerical techniques for approximating system dynamics and implementing the parameter estimation schemes were developed.
To illustrate the method, several numerical examples illustrating a variety of techniques for exciting the system and generating data were presented. Throughout the examples, emphasis was placed on simulating exterior forces and generating data in a manner consistent with that used in actual structural acoustics experiments and applications. This was done so as to gain insight regarding the eectiveness of the parameter estimation method in various settings. The rst step in the examples was the determination of the natural frequencies for the symmetric (in x) modes of the coupled system. This knowledge was then used when determining driving frequencies so as to evoke particular system responses in the later examples. Moreover, by comparing the results for the system under investigation with comparable results obtained for the structural acoustic system in which no patches were bonded to the beam as well as analytic values of the natural frequencies of the uncoupled beam and acoustic wave, the qualitative eects of coupling, damping, and material changes due to the presence of the patches were determined.
A simulated acoustic source was used to excite the beam, and hence the system, in the second example with data consisting of acceleration values calculated at the center of the beam. While the numerical simulations demonstrated the success of the method for both noisefree data and data to which random noise had been added, this means of exciting the system in a manner that can be accurately simulated will be dicult to implement. This is due to the fact that although speakers can be used to create multiple frequency acoustic forces of the type used in the example, it will be dicult, if not impossible, to cleanly cut the acoustic excitation at a given time since the speaker and room will continue to reverberate and echo even after the power is cut. This echo or reverberation will be dicult to simulate in the system model thus making parameter estimation through this means of system excitation dicult to use in practice.
A more readily simulated means of exciting the system is through the application of a prescribed voltage to the patches and this was the input in the remaining examples (by altering the frequencies and magnitude, this voltage can be tailored so as to evoke a desired system response). In the third and fourth examples, a numerically simulated multiple frequency, periodic voltage was used to initially excite the system at which point the voltage was cut and the system energy was allowed to begin decaying due to the damping in the beam. In addition to being more accurately simulated numerically, this also proved to be a more eective means of exciting high frequency responses in the system than was the acoustic excitation. A short duration triangular input was applied to the patch in the nal example to simulate an initial voltage spike.
In the third example, acceleration values on the beam were used as data, whereas voltage values (measuring accumulated strain in the beam) and voltage values in combination with acoustic pressure values were used as data in the fourth and fth examples. In these examples, it was found that when only a few system frequencies were excited (three or four), the acceleration data was suciently sensitive so as to permit eective parameter estimation whereas highly accurate initial guesses were needed in order to use beam data containing only strain information (which qualitatively has the properties of displacement data). By augmenting the strain data with pressure measurements, however, sucient information was added so as to again lead to successful parameter identication with a range of initial values. On the other hand, the excitation of large number of system frequencies through the simulated voltage spike to the patch led to strain data which w as suciently \rich" so as to permit success of the method while the introduction of pressure data led to a failure in the optimization routine due to the very large number of frequencies in the pressure measurements. Hence the success of the method with strain measurements comprising part of the data depended partly on the number of excited frequencies; for a small number, the strain measurements had to be supplemented with acceleration or pressure values in order to ensure parameter convergence for data containing any noise.
